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Abstract
Let G be a graph with a nonempty edge set, and with rank rk(G), term rank Rk(G), and
chromatic number (G). We characterize Rk(G) as being the maximum number of colors in
certain proper colorings of G. In particular, we observe that (G)6Rk(G), with equality holding
if and only if (besides isolated vertices) G is either complete or a star. For a twin-free graph
G, we observe the bound Rk(G) = O(
√
2
rk(G)
) and we show that this bound is sharp. c© 2002
Elsevier Science B.V. All rights reserved.
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Throughout this note, let G=(V; E) denote an undirected, simple graph on the vertex
set V = {1; 2; : : : ; n} and the edge set E. The adjacency matrix of G is the n×n matrix
A(G) whose i; jth entry is 1 if ij∈E and 0 otherwise. The rank of G, denoted rk(G),
is the rank (over R) of A(G). The term rank of G, denoted Rk(G), is the maximum
rank (over R) attainable by a real-valued n×n matrix having a zero in each entry that
is zero in A(G). In particular, rk(G)6Rk(G). Equivalently, Rk(G) is the maximum
number of nonzero entries in A(G) that are from distinct rows and also from distinct
columns. (For more on term rank see, for example, [2].)
A two-factor in G is a collection of vertex-disjoint cycles covering every vertex of
G; here a single edge is considered a two-cycle. For a proof of the following see, for
example, [11].
Proposition 1. For any graph G with a nonempty edge set, Rk(G) is the maximum
number of vertices in a subgraph H of G such that H has a two-factor.
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A coloring C of G is a partition of V into independent sets called color classes.
Associated with C is the graph G[C] obtained from G by contracting each C ∈C to
a single vertex. (The vertex in G[C] obtained by contracting C will be denoted C
as well.) We say that a coloring C is two-factorable if G[C] has a two factor. For
example, if C is greedy or has the minimum possible number of color classes (this
number is denoted (G)), then G[C] is complete and C is consequently two-factorable
(provided that G is not edgeless).
Proposition 2. For any graph G with a nonempty edge set, Rk(G) is the maximum
number of color classes in a two-factorable coloring of G.
Proof. Set R :=Rk(G), set m to be the maximum number of color classes in a two-
factorable coloring of G, and let C1; C2; : : : ; Cm be the color classes of some two-
factorable coloring C. Fix a two-factor of G[C] and orient each of its cycles—including
any cycles of length 2. For each of the m di-edges in this orientation—let us call one
such di-edge CsCt—the graph G contains a pair of adjacent vertices i∈Cs and j∈Ct ,
and the i; jth entry of A(G) is thus 1. These m one-entries of A(G) are in distinct rows
and are in distinct columns, and thus R¿m.
To see the reverse inequality, consider a subgraph H of G such that H has R vertices
and a two-factor, cf. Proposition 1. Note that the vertices not in H form an independent
set, as an edge between two such vertices would extend the two-factor of H to a two-
factor of a larger subgraph of G. Further note that no vertex v not in H is adjacent
to every vertex in H , as any cycle in a two-factor of H could be extended to include
such a vertex v, creating a two-factor for a larger subgraph of G. It follows that if we
assign a distinct color to each vertex of H then we can greedily extend the coloring of
H to a coloring of G without adding any new colors. This coloring is two-factorable
since H has a two-factor, and thus R6m.
Corollary 1. For any graph G with a nonempty edge set, (G)6Rk(G). Moreover,
equality holds if and only if (besides isolated vertices) G is the complete graph Kn
or the star K1; n−1.
Proof. Let C= {C1; C2; : : : ; C(G)} be a coloring of G. Notice that G[C] is complete.
Consequently, C is two-factorable, and (G)6Rk(G) by Proposition 2.
If G is complete or a star then it is easily veri@ed that (G)=Rk(G). It is also
clear that isolated vertices do not aHect rank or chromatic number. Thus, we need
only show that strict inequality holds if G is a graph with no isolated vertices that
is neither complete nor a star. If G is not complete then there is a color class
in C (above) with more than one vertex. Without loss of generality, we may pre-
sume that C1 is such a class. Arbitrarily partition C1 into nonempty C′1 and C
′′
1 , and
set D := {C′1; C′′1 ; C2; C3; : : : ; C(G)}. Since G[C] is complete we have that for each
i=2; 3; : : : ; (G) either Ci∼G[D] C′1 or Ci∼G[D] C′′1 (or both). Also, since G has no iso-
lated vertices, there exists i; j: 26i; j6(G) such that C′1∼G[D] Ci and C′′1 ∼G[D] Cj.
It follows that if (G)¿3, there is a partition of the set {C2; C3; : : : ; C(G)} into
nonempty sets C′ and C′′ such that {C′1}∪C′ and {C′′1 }∪C′′ are both cliques
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in G[D]. Consequently, D is a two-factorable coloring and (G) + 16Rk(G)
by Proposition 2.
Finally, if (G)= 2 then, because G is not a star and has no isolated vertices, it
must be that C2 consists of more than one vertex. Partition C2 arbitrarily into two
nonempty sets C′2 and C
′′
2 . Since there are no isolated vertices in G, each of C
′
1; C
′′
1
is adjacent to at least one of C′2; C
′′
2 , and also vice versa. Thus, {C′1; C′′1 ; C′2; C′′2 } is
two-factorable and (G) + 26Rk(G) by Proposition 2.
The inequality (G)6rk(G) for graphs with nonempty edge sets was @rst conjectured
in 1976 by van NuHelen [8], then “reconjectured” in 1988 by a computer program
called GraNti [3], and @nally disproved in 1989 by Alon and Seymour [1]. Since
then, a number of researchers have exhibited increasingly larger gaps between rk(G)
and (G)—Razborov [10] showed the gap to be superlinear, Raz and Spieker [9]
proved that no polynomial of rk(G) would bound (G), and Nisan and Wigderson [7]
exhibited a family of graphs with (G)= (rk(G)) where =O(log rk(G))log3 2. On the
other hand, the best-to-date upper bound on (G) in terms of rk(G) is given in [5]:
(G)=O(rk(G)) where  is a transcendental slightly smaller than 43 . Determining a
function of rk(G) that would be a sharp bound on (G) is of great importance to a
conjecture of LovPasz and Saks [6] in communication complexity.
Since (G)6Rk(G) (if G is not edgeless) we thought one might be able to use
Rk(G) to improve the just-mentioned bound of [5]. However, Proposition 3 below
gives an indication that such an approach is unlikely to work. When trying to establish
an upper bound on Rk(G) (and thus (G)) in terms of rk(G), it suNces to consider
only graphs with no twins, i.e. two vertices with the same set of neighbors. This is
because deleting a vertex in a twin pair does not aHect the rank or chromatic number,
but may decrease the term rank. (In particular, the class of twin-free graphs excludes
complete bipartite graphs with more than two vertices.)
Proposition 3. If G is a twin-free graph then Rk(G)=O(
√
2
rk(G)
). Moreover, this
bound is sharp.
Proof. Let n(G) denote the number of vertices in G. It was shown in [4] that for the
twin-free graph G one has n(G)=O(
√
2
rk(G)
), which immediately yields the claimed
upper bound. To see that the bound is sharp, let r be a positive integer and construct
a graph Gr as follows: adjoin to the complete bipartite graph K2r ;2r the edgeless graph
Kr on r vertices in such a way that distinct vertices in the same bipartition of K2r ;2r
have diHerent sets of neighbors in Kr . Speci@cally, the adjacency matrix of Gr is
A(Gr)=


0 J M
J 0 M
MT MT 0

 ;
where M is a 2r×r matrix whose set of rows consists of all possible 0–1 strings of
length r, J is the 2r×2r matrix all of whose entries are 1, and 0 represents a matrix of
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all zeros (appropriately sized). Since no two rows of A(Gr) are identical, we see that
Gr is twin-free. Also, rk(Gr)62 + 2r, since 2 + 2r is the sum of the ranks of block
submatrices of A(Gr). Finally, Rk(Gr)¿Rk(K2r ;2r )= 2·2r , from which it follows that
Rk(Gr)¿2rk(Gr)=2 =
√
2
rk(Gr).
Let (G), (G), w(G), and c(G) denote the matching number of G, the indepen-
dence number of G, the length of a longest path in G, and the length of a longest
cycle in G, respectively. Since each of these is bounded by n(G), we see that for
twin-free graphs these four invariants are O(
√
2
rk(G)
). Moreover, these bounds are sharp
since (Gr)¿(K2r ;2r )= 2r¿ 12
√
2
rk(Gr), (Gr)¿(K2r ;2r )= 2r¿ 12
√
2
rk(Gr), w(Gr)¿
w(K2r ;2r )= 2 · 2r¿
√
2
rk(Gr), and c(Gr)¿c(K2r ;2r )= 2 · 2r¿
√
2
rk(Gr). Notice that we can
prove the following slightly sharper statement about (G).
Proposition 4. If G is a twin-free graph then (G)6
√
2
rk(G)
. Moreover, there is an
in6nite family of twin-free graphs for which equality is obtained.
Proof. Without loss of generality, assume that the vertices of G are labeled so that the
vertices {1; 2; : : : ; (G)} form an independent set. The adjacency matrix of G is then
of the form[
0 M
MT C
]
;
where 0 represents an (G)×(G) matrix each of whose entries is zero. Observe that
rk(G)¿rk(M) + rk(MT)= 2 · rk(M). Since G is twin-free, the rows of M must all be
diHerent. However, a 0–1 matrix of rank r can have at most 2r diHerent rows. Thus
(G)62rkM62rk(G)=2 =
√
2
rk(G)
. Equality holds if C is all zeros and M is (for any
positive integer r) a 2r×r matrix whose set of rows consists of all of the diHerent 0–1
strings of length r. In this case the corresponding graph, which we call G′r , is formed
by adjoining the edgeless graph K2r on 2r vertices with the edgeless graph Kr on r
vertices in such a way that distinct vertices of K2r have diHerent neighbors in Kr . Of
course, G′r is twin-free, M is of rank r (it has an r× r identity matrix as a submatrix),
and (G′r)¿2
r =2rk(M) = 2rk(G
′
r )=2 =
√
2
rkG′r .
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